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Exercise. Let f(z) = 3z5 − 5z3 − z − 1
2 . How many zeros (counted with multiplicity) does f have

in the annulus {z ∈ C, 1 < |z| < 2}? Prove your statement.

Solution.
Rouche’s Theorem: f, g analytic in open set U and γ a simple path in U , with its interior
contained in U and with parameter interval I. If f has no zeros on γ(I) and |f(z)−g(z)| ≤ |g(z)|
on γ(I) then f and g have the same number of zeros, counting order, inside γ

{z ∈ C : 1 < |z| < 2} = D2(0)\D1(0)

So the number of zeros in annulus = [number of zeros in D2(0)] − [number of zeros in D1(0)]
D2(0) : g(z) = 6z5 and γ : δD2(0)

The zeros of g(z) are: 0 with order 5 all in D2(0)
On δD2(0), |g(z)| = |6z5| = 6|z5| = 6 · 25 = 192

|f(z)−g(z)| = |−10z3−2z−1| ≤ 10|z|3+2|z|+1 = 80+4+1 = 85 < 192 = |g(z)|
By Rouche’s Theorem, f and g have the same number of zeros in D2(0)

=⇒ f has 5 zeros in D2(0)

D1(0) : g2(z) = −10z3 − 2z = −2z(5z2 + 1) and γ2 : δD1(0)
The zeros of g2(z) are: 0, 1√

5 , − 1√
5 with order 1 and all in D1(0)

On δD1(0), |g2(z)| = | − 10z3 − 2z| ≥ 10|z|3 − 2|z| = 10 − 2 = 8
|f(z) − g(z)| = |6z5 − 1| ≤ 6|z|5 − 1 = 7 < 8 ≤ |g(z)|

By Rouche’s Theorem, f and g have the same number of zeros in D1(0)
=⇒ f has 3 zeros in D1(0)

Thus, f has 5 − 3 = 2 zeros in the annulus.
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